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Some braneworld models may have observable consequences that, if detected, would validate a
requisite element of string theory. In the infinite Randall-Sundrum model (RS2), the AdS radius of
curvature, ℓ, of the extra dimension supports a single bound state of the massless graviton on the
brane, thereby reproducing Newtonian gravity in the weak-field limit. However, using the AdS/CFT
correspondence, it has been suggested that one possible consequence of RS2 is an enormous increase
in Hawking radiation emitted by black holes. We utilize this possibility to derive two novel methods
for constraining ℓ via gravitational wave measurements. We show that the EMRI event rate detected
by LISA can constrain ℓ at the ∼ 1µm level for optimal cases, while the observation of a single
galactic black hole binary with LISA results in an optimal constraint of ℓ<
−
5µm.
PACS numbers: 04.25.Nx 04.30.-w 04.30.Db, 04.50.+h, 04.70.Dy, 11.25.Wx, 95.30.Sf, 97.60.Lf
Introduction. String theory requires the existence of
extra dimensions. One variation, the infinite Randall-
Sundrum model (hereafter RS2), avoids the necessity of
compactifying all but the three observed spatial dimen-
sions, by including a bound state of the massless gravi-
ton on the brane [1] resulting from the curvature, rather
than the size, of the extra dimension. Since the standard
model fields are constrained to the brane by construction,
RS2 satisfies all current observational constraints. How-
ever, by employing the AdS/CFT correspondence [2], it
has been predicted that RS2 would result in a substantial
enhancement in the amount of Hawking radiation from
black holes [3, 4] due to an enormous increase in the
number of accessible CFT modes. A counter-example
was derived in [5] in the form of a static black hole so-
lution, but that solution is unstable. In the absence of a
dynamically stable solution, there remains the possibility
that the RS2 model results in a tremendous increase in
the amount of Hawking radiation emitted by macroscopic
black holes. Several authors have therefore employed the
results of [3, 4], particularly the modified mass-loss rate
due to Hawking radiation, to place constraints on the
asymptotic AdS radius of curvature, ℓ.
RS2 predicts a modification of the Newtonian potential
at second post-Newtonian order (2PN),
V = −
GMm
r
[
1 +
2
3
(
ℓ
GM
)2(
GM
r
)2
+ . . .
]
, (1)
where, throughout this work, we will use m for the stellar
black hole mass, and M for the mass of the companion,
be it a white dwarf, neutron star, or black hole. Table-
top measurements of gravity on the O(10µm) scale have
placed strict upper limits on ℓ (44 µm in [6], 15 µm in
[7]). Constraints on ℓ have also been derived from astro-
nomical observations [8–12] and from the potential ob-
servation of evaporating primordial black holes (see [13]
and references therein). The impact of large extra dimen-
sions on gravitational waves has been studied to an ex-
tent, though primarily in a cosmological context (see [14],
as well as [15] and references therein). However, while in
braneworld models with two branes, solutions such as
large black strings are known to be dynamically stable,
no such solution has been found in the effectively-single
brane RS2 model. This makes it difficult to directly cal-
culate the effect of ℓ on the gravitational radiation emit-
ted on the brane in RS2 self-consistently.
One proposal to constrain RS2 with gravitational
waves involved the observation of very high frequency
gravitational waves from sub-lunar mass black holes [16].
That work did not take into account any enhancement in
Hawking radiation, and therefore only investigated the
measurability of ℓ through its modification of the Newto-
nian potential at 2PN order assuming a constant mass.
We also note that M → M(t) can be reinterpreted as
G → G(t), as G and M appear together everywhere in
the Hamiltonian with the exception of the rest mass of
the black hole, so that methods to constrain G˙ with grav-
itational waves [17] may also yield useful constraints on
ℓ and vice versa.
In this Letter, we find that gravitational wave measure-
ments involving stellar black holes (2 M⊙<−m<∼ 20M⊙)
with the proposed Laser Interferometer Space Antenna
(LISA) can place the strongest limits on ℓ of any proposed
mechanism not involving black holes less massive than
the Tolman-Oppenheimer-Volkoff limit. We derive two
constraints, one from the event rate of stellar black holes
inspiraling gravitationally into supermassive black holes
(M ≃ 106 M⊙), and the second from the observation
of individual galactic binaries containing a stellar mass
black hole (GBHBs hereafter). The first type of system,
referred to as an extreme mass ratio inspiral (EMRI), is
expected to be a primary source of detectable signals for
LISA, with thousands of events during the mission life-
time [18]. However, since enhanced Hawking radiation
would cause stellar black holes to evaporate, it would
significantly impact the number of detectable EMRIs, so
we may take advantage of the expectation of a diminished
event rate to constrain ℓ. The second type of system, GB-
2HBs, will be far less numerous than galactic white dwarf-
white dwarf binaries, but population synthesis simula-
tions have predicted the detection of∼ 10 GBHB systems
over the LISA lifetime [19]. None of these systems in the
referenced simulation were black hole-black hole binaries,
and such systems are poorly constrained observationally.
However, other simulations (e. g. [20]) predict them to
be vastly more common than other varieties of GBHB.
Should they be detected by LISA, double black hole bi-
naries would yield a comparable constraint to what we
find for GBHBs. Hawking radiation, as we will show, has
the effect of driving a GBHB to outspiral, thereby pre-
venting it from evolving into the LISA band. Therefore,
by observing a GBHB in the LISA band, we can derive a
constraint on ℓ. We find that, among constraints deriving
from stellar mass black holes, both methods presented in
this Letter result in limits that are comparable to the
most stringent in the literature. Furthermore, while the
constraint derived from EMRI rates depends on a num-
ber of assumptions and has significant uncertainty, the
constraint derived from observing GBHBs has no such
dependence, and should provide a robust limit for the
AdS curvature in RS2.
Constraining ℓ with EMRI event rates. For both of
the scenarios we present for constraining the RS2 model,
we compare the observational expectations derived by as-
suming standard (3+1) general relativity with the modi-
fied expectations resulting from enhanced Hawking radia-
tion in the RS2 model. We first focus on EMRI systems,
consisting of a stellar mass black hole merging with a
supermassive black hole. The principle formation mech-
anism for EMRIs is the direct capture of a stellar black
hole by the supermassive black hole at a galactic cen-
ter, after the stellar black hole has undergone large an-
gle scattering [21]. If a stellar black hole passes within
a critical distance of a supermassive black hole, it will
emit enough energy in gravitational waves as it passes to
become bound. At that point, it will inspiral determinis-
tically due to the loss of angular momentum from gravi-
tational radiation. Because enhanced Hawking radiation
will shorten the lifetime of black holes that could oth-
erwise potentially be captured by a supermassive black
hole, we can derive a constraint on ℓ from the event rate
of EMRIs formed by direct capture. From [18], the aver-
age event rate for EMRIs is
〈R〉EMRI ≈
(
M
106 M⊙
) 3
8
√
5M⊙
m
Gpc−3 yr−1 , (2)
where events were binned by dividing M into fixed log-
arithmic intervals of 0.5. This estimate assumes that
the average timescale for a compact object to undergo
gravitational capture by the central black hole is approx-
imately half the dynamical friction timescale. By calcu-
lating the number of compact objects that will be cap-
tured in less than the galactic age, which they take to
be 1010 yr, they predict an event rate for EMRIs. The
direct capture timescale used in [18] is given by
tdc ≈
tdf
2
≈ 0.15
σ3
G2mρ∗ ln Λ
yr = 0.15
2πr2
Gm ln Λ
yr , (3)
where tdf is the dynamical friction timescale, ρ∗ is the lo-
cal stellar density, given by σ2/(2πGr2), σ is the spheroid
velocity dispersion, and lnΛ = 5 is a parameter incor-
porating the range of potential impact parameters. In
[18], the authors calculate an effective distance from the
center, rdc, inside which compact objects will be cap-
tured, by requiring that tdc not exceed 10
10 yrs. How-
ever, if enhanced Hawking mass loss were to occur, at
least some systems that would otherwise merge with the
central supermassive black hole within 1010 yrs will in-
stead evaporate due to Hawking radiation. The evapora-
tion timescale for a stellar black hole in RS2, assuming
the AdS/CFT correspondence, is given by [8]
tH = 7.7× 10
6
(
m
5M⊙
)3(
44µm
ℓ
)2
yr . (4)
It is straightforward to compare Eq. (3) evaluated for
tdc<− 10
10 yrs and evaluated for tdc<− tH, in order to find
the relationship between rdc and the modified effective
distance under Hawking radiation, which we call rH:
tH
1010 yrs
=
(
rH
rdc
)2
= 7.7× 10−4
(
m
5M⊙
)3(
44µm
ℓ
)2
.
(5)
Using Eq. (5), we can then express the modified average
event rate, 〈R〉H, as
〈R〉H = 〈R〉EMRI ×
rH∫
0
4πρ∗r
3/3 dr
rdf∫
0
4πρ∗r3/3 dr
=
(
rH
rdf
)2
〈R〉EMRI
= 7.7× 10−4
(
44µm
ℓ
)2(
M
106 M⊙
) 3
8
×
(
m
5M⊙
) 5
2
Gpc−3 yr−1 . (6)
The distribution of event rates in a given volume will
follow a Poisson distribution, so that the variance will
equal the mean. We therefore find a standard deviation
of
σR = 0.028
(
44µm
ℓ
)(
M
106 M⊙
) 3
16
×
(
m
5M⊙
) 5
4
Gpc−3 yr−1 . (7)
Using Eq. (7), we can therefore derive the 5-σ limit on ℓ
in the scenario that the observed event rate is given by
3Eq. (2). We find a constraint given by
ℓ5σ <∼ 6.1
(
m
5M⊙
) 7
4
(
106 M⊙
M
) 3
16
µm . (8)
Assuming a minimum black hole mass of 2M⊙, Eq. (8)
predicts an optimal constraint of ∼ 1µm. This constraint
is therefore comparable to the most stringent constraint
from stellar black holes in the literature (3µm in[12]),
which was derived by combining the measurement of a
black hole’s mass with an estimation of the age of its
cluster. However, like that limit, the precise constraint
derived from the EMRI event rate depends on auxiliary
assumptions. Specifically, our constraint is limited by the
astrophysical uncertainties in the nominal EMRI event
rate, such as the density profile of stars in the center
of the host galaxy, the age of the host galaxy, and the
timescale for direct capture. We do note, however, that
the ratio 〈R〉H/〈R〉EMRI should be relatively robust, so
improved knowledge of the astrophysics that determines
the nominal EMRI event rate will likewise increase our
confidence in the constraint. In the next section, we de-
rive a constraint from GBHBs that, while somewhat less
stringent, should be quite robust, as it relies on the ob-
servation of a single event, and requires no secondary
assumptions.
Constraining ℓ through the observation of galactic bi-
naries. GBHBs are relatively weak gravitational wave
emitters, with separations of O(10−3 AU), or O(104M)
for the masses of interest. Their signals are therefore
nearly monochromatic during the LISA mission lifetime.
GBHBs accumulate enough SNR to be detectable both
above detector noise, as well as above the confusion noise
resulting from the density in frequency space of galac-
tic white dwarf-white dwarf binaries, due in part to the
larger mass of GBHBs [19]. In fact, since binaries spend
much more time at low frequencies than high, the sim-
ulations in [19] indicate that nearly all detectable GB-
HBs occur at confusion-limited frequencies of ∼ 0.1 mHz,
for black hole masses of ∼ 5M⊙, so we will take these
as fiducial values in the analysis that follows. At such
low frequencies, GBHBs will not have measurable chirps
[22], but in the cases of black hole-black hole, black hole-
neutron star, and detached black hole-white dwarf bina-
ries, the systems will have some measurable eccentricity
due to the supernova kick of one or both components
when they enter the LISA band [20] (semi-detached black
hole-white dwarf systems will circularize due to mass
transfer [23]). This eccentricity will make it possible to
measure the total mass of the system with a fractional
error of a few percent [24], which can be used to infer that
a system is sufficiently massive to necessitate it being a
GBHB.
We assume a neutron star mass of 2M⊙, and therefore
assume that a total mass of 7 M⊙ has been measured.
Clearly, the measurement of such a large mass indicates
that one member is a black hole. In fact, both members
could be black holes, but assuming only one would be the
conservative approach, since two black holes of smaller
mass would be more affected by Hawking radiation at the
same ℓ, and would therefore imply a tighter constraint
on ℓ. Assuming the GBHB consists of a black hole and
a white dwarf would be slightly more conservative, so
we wish to include the appropriate scaling relationships
in our constraint, so that we can apply it for different
component mass combinations for a fixed total mass..
One might object that, without observing an inspi-
ral chirp, we cannot be certain that the system is not
outspiralling very slowly under the influence of Hawk-
ing radiation, so we will address this possibility before
proceeding. GBHBs for the masses of interest will have
orbital periods of O(days) immediately after the GBHB
is formed from the stellar binary progenitor [25], and
will therefore be slightly below the LISA sensitivity band
at formation. GBHBs must then inspiral gravitation-
ally in order to be detectable by LISA. Since any sys-
tem that is initially Hawking or gravitational radiation-
dominated will remain so, the observation of a GBHB in
the LISA band requires that the GBHB has inspiralled
to that frequency gravitationally, and has therefore al-
ways been gravitational radiation-dominated. Therefore,
the assumption that any detected GBHB is gravitational
radiation-dominated is justified.
As we have mentioned, gravitational radiation will
drive GBHBs to slowly inspiral, while Hawking radia-
tion will drive the system to slowly outspiral. To see
this, we note that since Hawking radiation is isotropic,
the specific angular momentum j will be conserved, since
j˙ = r˙vφ + rv˙φ = 0. We can therefore use conservation
of j to calculate the derivative of the semi-major axis, a,
under the influence of Hawking radiation. Differentiating
j =
√
Ga(M +m) yields
a˙H = −
a d
dt
(M +m)
M +m
= −
am˙H
M +m
= 3.2× 10−8
( a
1AU
)
×
(
7M⊙
M +m
)(
5M⊙
m
)2(
ℓ
44µm
)2
AUyr−1 , (9)
where m˙H is the mass loss due to Hawking radiation of
massive gravitons into the bulk [3, 4],
m˙H = −2.2× 10
−7
(
5M⊙
m
)2(
ℓ
44µm
)2
M⊙ yr
−1 .
(10)
We note that, to be consistent with the preceding section,
m represents the mass of the stellar black hole, although
it is now more massive than its compact companion, for
which we use a fiducial M = 2M⊙ for the mass of a neu-
tron star. We emphasize that Eq. 9 is positive, meaning
the mass loss from Hawking radiation drives the GBHB
to outspiral. The rate of inspiral due to gravitational
4radiation is given, at Newtonian order, by
a˙gw = −
64G3Mm(M +m)
5c5a3
= −5.2× 10−17
(
1AU
a
)3
×
(
m
5M⊙
)(
M
2M⊙
)(
M +m
7M⊙
)
AUyr−1 . (11)
Equating Eqs. 9 and 11 and solving for the semi-
major axis yields the critical separation, acrit, separat-
ing the Hawking- and gravitational radiation-dominated
regimes:
acrit = 6.3× 10
−3
(
m
5M⊙
) 3
4
(
M
2M⊙
) 1
4
×
√(
M +m
7M⊙
)(
44µm
ℓ
)
AU . (12)
In the event that a gravitational signal is detected at
a frequency fgw, we can use Kepler’s law (and consider
only quadrupolar radiation, so fgw = 2forb) to find the
corresponding semi-major axis,
a =
(
G(M +m)
(πfGW)2
) 1
3
= 8.9× 10−3
(
M +m
7M⊙
) 1
3
(
0.1mHz
fGW
) 2
3
AU .(13)
where we use a fiducial frequency of 0.1 mHz, which we
again note is informed by the results for GBHBs in [19].
By requiring that the semi-major axis from Eq. (13) be
less than that from Eq. (12), we find a constraint on ℓ of
ℓ<− 22
(
m
5M⊙
) 3
2
(
M +m
7M⊙
) 1
3
√
M
2M⊙
(
fgw
0.1mHz
) 4
3
µm .
(14)
As this constraint derives from a direct measurement of
a single event that does not depend on auxiliary assump-
tions, it should provide a robust limit on the asymptotic
radius of curvature of an infinite extra dimension. If
we again employ a minimum black hole mass of 2 M⊙,
Eq. (14) implies an optimal constraint of 5µm, although
it would be difficult to distinguish such a system from a
double neutron star binary, which would not be subject
to enhanced Hawking radiation. Our GBHB constraint
is analogous to [10] in that both derive a constraint from
the orbital dynamics of a stellar black hole in a binary
system, and both depend minimally on auxiliary assump-
tions. Our methods are therefore equivalently robust,
with our result being somewhat more stringent than the
35µm constraint on ℓ found in [10].
Conclusions. For stellar-mass black holes, we find a
constraint on ℓ using two separate methods, the first in-
volving the observation of EMRIs with LISA, and the
second involving the observation of GBHBs. The latter
method provides our most robust constraint of ℓ<− 22µm
for typical cases and ℓ<− 5µm for optimal cases, which is
effectively equivalent to the limit set by estimating the
age of a stellar black hole in a globular cluster [12] and
improves on the limit from x-ray binaries [10]. The op-
timal constraint of 1µm derived from the EMRI event
rate exceeds that from GBHBs, although it is a less ro-
bust limit.
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